While seemingly straightforward in principle, the reliable estimation of rate constants is seldom easy in practice. Numerous issues, such as the complication of poor reaction coordinates, cause obvious approaches to yield unreliable estimates. When a reliable order parameter is available, the reactive flux theory of Chandler allows the rate constant to be extracted from the plateau region of an appropriate reactive flux function. However, when applied to real data from single-molecule experiments or molecular dynamics simulations, the rate can sometimes be difficult to extract due to the numerical differentiation of a noisy empirical correlation function or difficulty in locating the plateau region at low sampling frequencies. We present a modified version of this theory which does not require numerical derivatives, allowing rate constants to be robustly estimated from the time-correlation function directly. We compare these approaches using single-molecule force spectroscopy measurements of an RNA hairpin.
ality, we assume we are given a trajectory of some order pa-39 rameter x(t) that allows us to define associated occupation 40 functions hA(t) and hB(t) for states A and B, such that 
where kA→B and kB→A are microscopic rate constants. In gives the instantaneous flux across the dividing surface,
and hence overestimating the true rate k. 
142
The rate constant was estimated using the naïve cross- 
where δhA(t) ≡ hA(t) − hA is the instantaneous deviation 163 from the equilibrium population for some trajectory x(t).
164
The reactive flux function kRF(t) measures the flux across the Eq. 7. When estimated from 50 kHz data (Fig. 3, right) , the re- amount of noise in the resulting estimate of kRF(t) (Fig. 3 where a usable rate estimate can be extracted.
238
As before, if a separation of timescales exists, relaxation be-
239
havior for times t > τ mol is defined in terms of first order rate 240 equations (Eq. 2), here recast in matrix form,
where p = [pA(t) pB(t)] T , pA(t) = hA(t) ne and pB(t) = 242 hB(t) ne denote the nonequilibrium occupation probabili-
243
ties of states A and B at time t, and K is the matrix of rate
The eigenvalues of K are λ1 = 0, reflecting conservation of 246 probability mass, and λ2 = −(kA→B + kB→A) = −k, which 247 governs the recovery toward equilibrium populations πA and 248 πB at the phenomenological relaxation rate k.
249
The solution to Eq. 8 (corresponding to Eq. 3) is given by
where e A ≡ ∞ n=0 A n /n! is the formal matrix exponential 251 and T(t) can be identified as the column-stochastic transi-252 tion probability matrix whose elements Tji(t) give the condi-253 tional probability of observing the system in conformation j 254 at time t given that it was initially in conformation i at time 0.
255
The elements of T(t) for a given observation interval t are 256 conveniently given in terms of the time-correlation function,
where the stationarity and time-reversal symmetry of phys-258 ical systems at equilibrium ensures that hi(0) hj(t) =
259
hj(0) hi(t) , and πi is the equilibrium probability of state i.
260
For t > τ mol , we have T(t) ≈ e Kt for a constant matrix K, 261 but this will not hold for t < τ mol . Instead, we can establish 262 a one-to-one correspondence between T(t) and the rate ma-263 trix Kim(t) it implies for any t,
where the logarithm denotes the matrix logarithm. Assuming 265 a phenomenological rate constant k exists, all Kim(t) ≈ K for 266 t > τ mol .
267
Because of their relationship through the exponential
268
(Eq. 12), T(t) and Kim(t) share the same eigenvectors u k ,
269
and their respective eigenvalues µ k (t) and λ k (t) are simply
The implied rate constant kim(t) for observation time t can be 272 obtained from the nonzero eigenvalue of Kim(t),
where µ2(t) = 1 − (TAB(t) + TBA(t)). Using Eq. 11 and some 274 algebra, we find µ2(t) can be written,
which is simply the normalized fluctuation autocorrelation
276
function for the indicator function hA for state A (or, equiv-277 alently, for state B). µ2(t) therefore takes the value of unity at 278 t = 0 and decays to zero at large t.
279
Combining Eqs. 14 and 15 gives the expression for the im-280 plied rate estimate kim(t) of the phenomenological rate k,
which is the main result of this paper.
282
In the limit t → 0 + , kim(t) reduces to the transition state 283 theory estimate kTST,
just as for the reactive flux rate (Eq. 7) [3, 4] . Similarly, the 285 true phenomenological rate k is given by the long-time limit
286
of kim(t):
However, when estimating the phenomenological rate 
By the definition of reactive flux (Eq. 7), we can write kRF(t)
297
in terms of kim(t) as,
When t τ mol , then kim(t) ≈ k, and we have kRF(t) ≈ ke −k t .
299
Application of implied rate theory to single-molecule data.
300
To illustrate the estimation of the phenomenological rate k 301 using the implied timescale kim(t), we computed it for the 302 p5ab hairpin force trajectory described above. At the 50 kHz 303 sampling rate (Fig. 3, right) , the rate estimates are almost 304 identical to those from kRF(t) for a broad range of times 305 where t > τ mol , though there is much less noise in the kim(t) 306 rate estimate than in kRF(t) (Fig. 3, right inset) . At the 1 kHz 307 sampling rate (Fig. 3, left) 
as well as the fact that the flux across the dividing surface 325 must be balanced at equilibrium,
which allows us to deduce that the individual rates are simply 327 kA→B = πB k ; kB→A = πA k
The equilibrium probabilities πA and πB can be simply esti- 
332
As both the equilibrium probability and phenomenological 
